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Abstract 


Let ES{n) be the minimal integer such that any set of ES{n) 
points in the plane in general position contains n points in convex 
position. The problem of estimating ES{n) was first formulated by 
Erdos and Szekeres m, who proved that ES{n) < 

rent best upper bound, limsup„_,.oo < ||) is due to Vlachos m- 


We improve this to 


lim sup 

n^oo 


ES{n) 

/2n—5\ 
1 n-2 ) 



1 Introduction 

The following problem of Erdos and Szekeres has attracted considerable at¬ 
tention over the years. 

The Erdds-Szekeres problem. For a positive integer n > 3, determine the 
smallest integer ES{n) such that any set of at least ES{n) points in general 
position in the plane contains n points that are the vertices of a convex n-gon. 

The hrst bounds on ES{n) were given by Erdos and Szekeres [HIH], who 
have shown that 
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They conjectured that the lower bound is tight. Their conjecture is verihed 
for n < 6. It is trivial for n = 3; the proof for n = 4 was given by Esther 
Klein and can be found in [7]; the proof for n = 5, as stated in [7], was hrst 
given by Makai and can be found in |6] ; the proof for n = 6 is due to Szekeres 
and Peters [T^ . 

For the upper bound, although it is very far from the lower bound, little 
improvement was made over the last eighty years. The hrst such improvement 
was given by Chung and Graham [3] , who improved the upper bound by one 
to {^n- 2 )- Shortly after, Kleitman and Pachter [1] showed that ES{n) < 
Cn- 2 ) +7 —2n. Toth and Valtr [THlIIl] have shown that ES{n) < 

Finally, very recently Vlachos [I5] have shown that limsup„_,.oo pSr < ||- 

We further improve the upper bound as follows. 


Theorem 1.1. 


lim sup 

n^oo 


ES{n) 

^2n—5\ 
V n-2 ) 



Many variants of the Erdds-Szekeres problem were studied, and we refer 
the reader to surveys m [21 El [n]. 

Our proof of Theorem 0 unlike the original proofs of all the bounds 
listed above, doesn’t use induction, but is based on assigning a word in two 
letter alphabet to each point and analyzing the possible sets of resulting 
words. We describe the technique in Section We prove Theorem jl.lj in 
Section jH 


2 Encoding points 


In this section we introduce the concepts and prove the basic results under¬ 


lying the proof of Theorem 1.1 


For a positive integer m, let [m] := {1,2,... ,m}, and let denote 

the set of two element subsets of [m]. 

Fix / : —)■ M. We say that a sequence (gi, g 2 , • • •, gt) of elements of 

[m], satisfying gi < g 2 < ... < g* is a t-cup with respect to f if 

/(gi, g 2 ) < /(g 2 , ga) < • • • < /(gi-i, qt), 

and this sequence is a t-cap with respect to f if 

/(gi, g 2 ) > /(g 2 , ga) > • • • > /(gi-i, qt)- 
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(We write f{x,y) instead of f{{x,y}) for brevity.) We say that a t-cup (or 
a t-cap) {qi,q 2 , ■ ■ ■ ,qt) starts at qi and ends in qt. 

We say that the fnnction / is {k,l)-free if there exists no k-cnp and no 
/-cap with respect to /. Let ES'{k,l) denote the maximnm m snch that 
there exist a (/c,/)-free / : —)■ M. One of the main byprodncts of the 

constrnction introdnced in this section is a new proof of the following resnlt 
of Erdos and Szekeres. 

Theorem 2.1 ([7]). 

ES\k + 2,l + 2) 

Onr goal is to assign words to every element of [m] which partially encode 
the strnctnre of cnps and caps ending and starting at this element. For every 
i e [m] we dehne fonr fnnctions a*, 7 * : N —)■ M U {±C)o} and : N —)• 

M U {±cx)}. The valnes of these fnnctions at t G N are dehned as follows: 

• Let a^{t) be the minimnm f{j,i) snch that there exists a. {t + l)-cnp 

which ends with the pair i.e. a seqnence qi < q 2 < ■■■ < qt-i < 

j < i snch that 

f{qi,q 2 ) < ••• < f{qt-i,j) < 

If there is no {t + l)-cnp ending in z, let a\t) = -|-cxd. 

• Let /3\t) be the maximnm f{j,i) snch that there exists a (t + l)-cap 
which ends with the pair {j, i). If there is no snch cap then /9*(t) = — 00 . 

• Let 7 *(t) be the maximnm snch that there exists a {t + 1)- 

cnp which starts with the pair and if there is no snch cnp then 

7 *(c) = — 00 . 

• Finally, let S'‘{t) be the minimnm f{i,j) snch that there exists a (t-|-1)- 

cap which starts with the pair and if there is no snch cap then 

(5*(t) = -f-oo. 

(The above fnnctions encode the optimal valnes for fnrther extending the 
cnps and caps of given length which start or end at z.) 

Assnme now that the fnnction / is {k + 2,1 + 2)-free. Let denote the 
set of all words of length k + I in the alphabet {a,/?}, which nse exactly k 
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Figure 1: An example of a (4,4)-free function and corresponding Lj’s. 

symbols “a” and I symbols “/3”. We define a word Lj G for each i G [m] 
as follows. Sort the multiset (a*(l), a*( 2 ),/3*(2),in 
increasing order, using a convention that when the elements repeat, then the 
values of the function a* precede the values of the function /3*. The word Lj 
is obtained from the resulting sequence by replacing the values of a* and /?* 
by the symbols a and (3 respectively. Figure provides an example. (The 
hrst table is lists the values of the function / and the second one the values 
of a®, /3® and Lj.) 

Let denote the set of all words of length k + l in the alphabet { 7 ,5}, 
which use exactly k symbols “ 7 ” and I symbols “5”. We dehne a word 
Ri G symmetrically to the word Lj, by sorting the values of 7 * and 

(5i, using the convention that the 5 symbols precede the 7 symbols if the 
corresponding function values are equal. 

We are now ready for the hrst result on [k + 2,1 + 2)-free functions. 

Lemma 2.2. Let f : R be {k + 2,1 + 2)-free, and let 1 < i < j < m. 

Then there exist x G [k],y & [/], such that 

a®(x) > f{i,j) > (3\y) and a^{x) < f{i,j) < (1) 
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Symmetrically, there exist x' G [k],y' G [/], s.t. 


7 ^(a;') < f{i,j) < S^{y') and > f{i,j) > S^{y'). (2) 


Proof. By symmetry it suffices to prove Q. Let x be chosen minimum 
a*(a;) > f{i,j). Note that x < k, as a*(fc + 1) = +cxd. We have a*(a; — 1) < 
f{i,j), or a; = 1. Therefore, if a; > 2 then there exists an a;-cup (gi,..., Qx-i, i) 
such that f{qx-i,i) < f{i,j). It follows that (gi,... ,qx-i,hj) is an (a; + 1)- 
cup. Thus a\x) > f{i,j). 

Similarly, if y is chosen maximum such that /3*(g) < then f{i,j) < 

ft^iy). □ 


The next corollary follows immediately from Lemma 2.2 


Corollary 2.3. Let f : be (/c+2, l+2)-free, and letl <i < j < m. 

Then Lj ^ Lj and Ri ^ Rj. 


Note that Theorem|2.l| immediately follo ws from Corollary |2.3[ as 


The bijective proof of Theorem 2.1 presented in this section is due 
to the hrst author [10]. It is inspired by the beautiful argument used by 


Seidenberg m to give a bijective proof of the Erdos-Szekeres theorem on 
monotone subsequences of a sequence |7|. A different bijective proof was 
recently discovered by Moshkovitz and Shapira [5]. 
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Proof of Theorem 


El 


We apply the framework introduced in the previous section to the Erdos- 
Szekeres problem as follows. 

Let P = {pi,P 2 , ■ ■ ■ ,Pm} be a set of points in the plane in general po¬ 
sition with Cartesian coordinates {xi,yi), {x 2 ,y 2 ) ■ ■ ■, {xm,ym), respectively. 
Assume without loss of generality that Xi < X 2 < ... < Xm- We dehne a 
function fp : —)■ M as follows. For 1 < i < j < m, let fp{i,j) be the 

slope of the line that passes through the points i,j, i.e. 


fpihj) 


Vj - Vi 

Ou j 2 


Assume that P does not contain n points that are the vertices of a convex 
n-gon. Thus fp is (n, u)-free, as every n-cup (or n-cap) with respect to fp 
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indexes the vertices of a convex n-gon. In the following, for simplicity, we 
will refer to the sets of points indexed by t-cups (respectively, t-caps) with 
respect to fp as t-cups (respectively, t-caps) in P. We will refer to 3-cups 
and 3-caps as, simply, cups and caps. 

We start by introducing two classical tools used to upper bound ES{n) 
by Toth and Valtr [H], and Erdos and Szekeres [7], respectively. The next 
theorem from na, allows us to further restrict potential functions fp. 


Theorem 3.1 ([II]). Let N be a positive integer such that every point set 
P with |P| > N contains either a set of n points in convex position or a 
{n — l)-cap. Then ES{n) < -|- 1. 


Theorem 3.1 allows us to consider only point sets P such that fp is 
(n, n — l)-free. 

The next lemma essentially appears in [7|, but we include its proof for 
completeness. 


Lemma 3.2 ([7|). If fp is {n,n — l)-free then no point in P is simultaneously 
the end of an {n — l)-cup and the beginning of an {n — 2)-cap. Symmetrically, 
no point p is the end of an {n — 2)-cap and the beginning of an {n — l)-cup. 


Proof. Suppose for a contradiction that (gi,..., g„_ 2 , g) is an (n — l)-cup 
with respect to fp and that (g, g 2 , • • •, qn- 2 ) is an (n — 2)-cap. If /(g„_ 2 , g) < 
f{q, qf) then (gi,..., g„_ 2 , g, qf) is an n-cup, and, otherwise, {qn- 2 , <?,•••, qn- 2 ) 
is an (n — l)-cup, contradicting the fact that fp is {n,n — l)-free. □ 


We’d like to extend the above lemma by showing that no point of P can be 
the end of an (n —2)-cup and the beginning of both an (n—2)-cap and (n —1)- 
cup. Unfortunately, this statement is not necessarily true. Fortunately, it 
can be made true by removing a negligible proportion of points in P. 

Let Q C P he the set of points which serve as an end of an (n —2)-cup and 
the beginning of both an [n — 2)-cap and {n — l)-cup. For every point q E Q, 
fix U*? = {vf n|,..., n^_ 3 , g) an {n - 2)-cup ending in g, f/*? = (g, ul, ..., ul_ 2 ) 
an {n — 2)-cap starting in g, and W‘^ := {q,W 2 ,wl,...,w 1 _fj an (n — l)-cup 
starting in g. (See Figure [^) We say that is a Q-signature of 


The following Claims |3^ and 3.4 were inspired by na, yet they appear 
not to follow directly from any of the results in [T5] . 


Claim 3.3. If (U, U, W) is a Q-signature of a point q E Q, such that = 

{q,U2, ...,Un-2), W'^ = {q,W2, ...,Wn-l), then U2 = Wn-l- 
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Figure 2 : A point q G Q. 
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Figure 3: The point U 2 is to the left of Wn-i- 

Proof. Suppose for a contradiction that U 2 7 ^ Wn-i- Let V = {vi,V 2 , ...,Vn- 3 , q) 
and let i be the line passing through Vn -3 and q. 

If U 2 is below the line £, then n„_ 3 , U is an (n — l)-cap. Therefore U 2 is 
above 1. Similarly, if W 2 is above then n„_ 3 , W is an n-cup, therefore W 2 is 
below i. 

Suppose that U 2 is to the left of Wn-i- If q,U 2 ,Wn-i is a cup then 
V,U 2 ,Wn-i is an n-cup. Otherwise, W U {M 2 } is a vertex set of a convex 
n-gon. (See Figure 1^) 

Therefore U 2 is to the right to Wn-i- Suppose that Wn- 2 ,U 2 ,U 3 is a cap. 
Then Wns, tan- 2 , U 2 is a cup, as otherwise tCn-s, tan- 2 , U 2 , ■ ■ ■, Un -2 is an (n — 
l)-cap. If q,Wn-i,U 2 is a cap, then q,Wn-i,U 2 ,Wn- 2 ,'Wn- 3 ,---,W 2 is a vertex 
set convex n-gon. Therefore q, ta„_i, U 2 is a cup, implying that ta„_i, ^2, U 3 is 


^3 


U2 

^n—1 ^n—2 

• ■ • 


Vi 


V2 


W2 


Wn-S 


Figure 4: The point U 2 is to the right of Wn-i- 


a cap. If Wn-2,Wn-i,U2 is a cap, then w„_ 2 , tCn-i, ^ 2 , Ms, ■■■,Un-2 is an (n-1)- 
cap. Thus Wn- 2 ,Wn-i,U 2 is a cup, therefore W,U 2 is an n-cup. (See Figure 

El) 

It remains to consider the subcase when Wn- 2 ,U 2 , Ms is a cup. In this case 
Vn- 3 ,q,Wn -2 IS a cup, and thus V,Wn- 2 ,Wn-i is an u-cup, yielding the hnal 
contradiction. □ 


We say that q' E P is a mate of a point q E Q if there exist a Q-signature 
(I/, U, W) of q with points of U and W labelled as in Claim 3.3, such that 
q' = U 2 = Wn-i- Let Q' be the set of all mates of points in Q. By Claim 3.3 
every point in Q has at least one mate. 


Claim 3.4. \Q'\ < \P\/{n-2). 

Proof. Consider g(,g 2 ^ Q'- Let q[ and ^2 be the mates of qi and g 2 , re¬ 
spectively. Let (1/'^^, be Q-signatures of qi and 

q 2 with points labelled as in the dehnition such that q[ = vff = w^bi and 
q '2 = uf = Wn-i- W^e assume without loss of generality that q[ is to the left 
of gb We will show that q 2 is to the right of gb This would imply the claim, 
as it will follow that the points of lie to the right of g( and to the left of 
g 2 , implying that the indices of any two points in Q' differ by at least n — 2. 

Assume to the contrary that g 2 is to the left of gb We claim that all 
the points of P to the right of g 2 lie below the line that passes through g 2 
and gb Indeed, suppose that r is a point above this line. If r is to the left 
of g 2 then we hnd a convex n-gon in P, using and r. If r is to the 
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Figure 5: A possible arrangement of points in Claim 3.4 


right of ^2 then we hnd a u-cup using C®, and r. (Note that is an 

{n — l)-cup, because otherwise v^_^, f/® is an (n — l)-cap.). Analogously, all 
the points of P to the right of qi must be below the line that goes through 
qi, q[. (See Figure|^which illustrates a possible arrangement of points in this 
case.) Thus qi,qi,q 2 ,uf is an (n — l)-cap, a contradiction. □ 


3.4 


we may consider 


As our goal is to prove m < (8+*^(i-)) (^^- 2 ^) ’ Claim 
P — Q' instead of P, and thus assume that no point of P is simultaneously 
an end of an [n — 2)-cup and the beginning of both an (n — 2)-cap and 
(u — l)-cup. 

It is time to utilize the encoding of points introduced in Section Let 
Li,..., Lm G £”--2-^-3 ..., G 7^”-2,n-3 words associated 

with points of P via the function fp dehned in Section We will write C 
and TZ instead of £’^-2,n-3 -^n-2,n-3^ brevity. For a pair of words 

wi and W 2 , let C{wi * W 2 ) denote the set of words in £ which start with 
wi and end with W 2 . We write C{*W 2 ) and £(tni*), instead of C{wi * W 2 ), 
if Wi (respectively, W 2 ) is the null word. The sets lZ{wi * W 2 ) are dehned 
analogously. The next claim follows immediately from the dehnitions of Lj 
and Ri. 


Claim 3.5. For i G [m] the following statements hold 

• Pi is the end of an {n — l)-cup if and only if R G 

• Pi is the end of an {n — 2)-cap if and only if R G C{a*), 
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• Pi is the beginning of an {n — l)-cup if and only if Ri G 

• Pi is the beginning of an {n — 2)-cap if and only if Ri G and 


Pi is not an end of any {n — 2)-cup if and only if Li G C{*aa). 


Claim 3.5 Lemma 3.2 and our assumptions on P, based on Claims 3.3 


and 3.4, imply the following. 

Claim 3.6. If Ri G 7l{6 * 7 ) for some i G [m], then Li G * aa). 

We are now ready to finish the proof of Theorem |l.l[ Let S = {Ri, ..., Rm}- 
By Claim 3.6| and Corollary |2.3[ we have 

|SnR(i»7)l< W»aa)l= Q+ 0(1)1 


Thus, by Corollary 2.3 


'7 \ /On — 5 

^ = |‘5| < |5 n Il{5 * 7)1 + |7^ — TZ{6 * 7)1 < ( 7 + 0 ( 1 ) j f 2 


as desired. 
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